automorphisms of a ternary tree, its presentation requires involved recursion. However, one may identify the starting idea as [IYY", FLYI = ([z-l, Y-'I, 1, 1).
The methods developed here are sufficiently general to tackle the presentation problem for the above-mentioned generalizations.
It is to be noted that Grigorchuk gives in [Z] a very short, yet unclear, argument for the nonlinite presentability of his group.
In a second paper, we will deal with the subgroup structure of 9, and with determining its group of automorphisms.
PRELIMINARIES
We recall the construction of 9. Let be the infinite ternary tree having as vertices the finite sequences CI in 0, 1,2, and where these vertices are ordered by CJ > 6' provided ti is an initial segment of 0'.
The permutation Z: 0 --+ 1 --, 2 + 0 extends to an automorphism of T by ,:$J+(j+l)Ci (mod 3) for all finite sequences 0.
Given the regularity of T, for any vertex t and any automorphism CI of T,
we may define an automorphism like c1 on the subtree headed by t, and extend it to an automorphism of T by fixing the vertices outside the subtree. We denote this new automorphism by the tree T with tl attached to its vertex t.
With these comments we introduce the automorphism y which is denoted by : and note that y is expressible recursively as y = (y, z, z -I).
Our group is simply 9 = ( y, .r ).
A PRESENTATION DIAGRAM
A presentation for 9 will be built up in stages. The initial stage is '40 = (ao)*(80) -~a Go= (~0, zo>> yo= (.a13 e,,e;') where * indicates the free product, 2 indicates the wreath product, Go is an extension of a0 + yo, 8, -+ zo, v is the identity map. This is the process of substituting z0 for bo, and (fir, dl, d, ') for a0 in the free product A,.
The group Y will be the limit of an infinite iteration of such substitutions which we exhibit in a presentation diagram:
We specify the remaining elements of the diagram by the following list:
Fr= (a, )*<bi > (i>(l); (2) Gi-I= CY,-~> sz-1 ) subgroup of F, 2 (s:,-1 )
where Yc-1 = (%, e,, dz-') (i> 1) (note that all the G,'s are isomorphic);
(note that all the Kl's are isomorphic); As i increases, the (LZ, &)-block in y") is pushed to the left and in the limit vanishes. Since the Z,'S are isolated from each other by nested parentheses, we may rewrite all the 2,'s as z, and thus arrive at and 4. NONFINITE PRESENTABILITY We will show that ker$,=K,<& (the derived group of F,),
Given the last result, we would have 9 has no finite presentation. Since GJ(G,)' z C, x C3, clearly K0 < Ph. By the same token, Ki < F: for i > 0. On applying the previous lemma, we have ker $, = X K, < )( F; < (G(O))'. 3 3 Similarly, it follows that for i3 1.
For every i3 1, F; is a free group and G('-') contains X3, F: as a subgroup of finite index. A direct application of the next lemma proves that G"' 5 G('+') for i30. LEMMA 2. Let X be a finitely generated group with two subgroups Y, Z of finite index in X. Suppose Y and Z decompose as direct sums of A and e free groups, respectively. Then, k = 1. Now, on considering C,,(y) < C,(y), we arrive at R = e.
RECURSIVE PRESENTATION
Suppose is a presentation for G(O), where the +Z;S are commutator words. We will show how to extend this presentation recursively to a presentation for 53.
The a.3 are words in the free generators of the derived group Fb. We will write Us= u,(LJJ").
Note that K, x 1 x 1 is generated by the F, x 1 x 1 conjugates of, and thus by the ( y("')G'o' conjugates of,
Let F be a free group, freely generated by - (1 di<R).
Let
Then, the following is a presentation for G(l):
(ao, do ( a; = e; = 1, &Jo') = 1, UQJr)) = 1 (1 did&, 1 <j<4)}.
This process is clearly inductive and leads to a recursive presentation for 3.
A FINITE PRESENTATION FOR G(O)
We will delete the subscripts from our symbols in G(O) (= Go). Thus, G=(y,cr:)dFl(cr:)=A, F= (a)*(e), y=(lz,e,e-'), We will give a presentation for 6 and from it derive a presentation for G. At this point one can apply the Schreier-Reidmeister process to obtain a presentation for G. However, we will approach the problem directly by describing the action of /I on G. For this purpose, we introduce the following notation: Proof. It is straightforward to check that _G admits an automorphism fl: r?; -+ c, _y -+ (_Y)~, and that _G.<p>re, _G E G.
